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Abstract
A surface in the Lorentz-Minkowski 3-space is generally a mixed type surface,
namely, it has the lightlike locus. We study local differential geometric proper-
ties of such a locus on a mixed type surface. We define a frame field along a
lightlike locus, and using it, we define two lightlike ruled surfaces along a lightlike
locus which can be regarded as lightlike approximations of the surface along the
lightlike locus. We study a relationship of singularities of these lightlike surfaces
and differential geometric properties of the lightlike locus. We also consider the
intersection curve of two lightlike approximations, which gives a model curve of
the lightlike locus.
1 Introduction
Let f : U → R31 be a C∞ immersion or a “frontal” from an open set U in R2 into the 3-
dimensional Lorentz-Minkowski space R31. When f is an immersion, spacelike, lightlike
and timelike points are defined by the usual way, and it can be defined analogically for
a frontal. The notion of lightlike points is an independent notion from singular points of
f . In fact, it is a singular point of the induced metric. In this paper, we assume that the
set of the lightlike points L(f) of f is a curve, and the lightlike locus f |L(f) is a spacelike
regular curve. Under this assumption, we define a moving frame field along L(f). The
frame consists of the tangent vector of f |L(f) and the two lightlike vectors L,N . The
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vector L is tangent to the surface at f |L(f), and N is normal to the surface in the
Euclidean sense. Using it, we construct two special lightlike ruled surfaces whose ruling
directions are L and N . These surfaces can be regarded as lightlike approximations
of f along L(f). We give conditions that singularities of these surfaces are cuspidal
edges and swallowtails in terms of certain geometric properties of f . This kind of study
is firstly given in [19] for an immersion in R3 with a given curve on it. In our case,
different from the Euclidean case, rulings are lightlike lines. If singularities of a lightlike
approximation is a constant point, then it is a lightcone. On the other hand, geometry
and singularities of developable surface defined by a moving frame as a curve in R31 is
studied in [16]. Our moving frame is associated to the immersion or frontal, geometric
meanings are related to the properties of the curve as a curve on the original f , so
that it is deeply depending on the properties of the differential geometry on the frontal
f . Furthermore, we consider the pair of contacts of two lightlike approximations with
the lightlike locus. Then the intersection curve of this pair can be considered as the
model curve of the lightlike locus. We introduce a new notion of the contact orders of
pairs. In our case, the contact orders of pairs of lightlike approximations characterize
the singularities of the lightlike approximations and the pedals of the lightlike locus.
2 Preliminaries
2.1 Frontals in R31
Let R31 be the Lorentz-Minkowski 3-space equipped with the scalar product 〈x,y〉 =
−x0y0 + x1y1 + x2y2, where x = (x0, x1, x2), y = (y0, y1, y2). Let Gr(2, 3) be the
Grassmannian of 2-planes in R31 and consider a subbundle R
3
1 ×Gr(2, 3) ⊂ R31 × R3 =
TR31. It can be identified with the projective tangent bundle PTR
3
1 via PTqR
3
1 ∋
Vq 7→ (Vq)⊥ by the scalar product 〈 , 〉, where x⊥ = {y ∈ R31 | 〈x,y〉 = 0}. It is
well known that PTR31 = R
3
1 × PR3 is a contact manifold. Let U be a domain in
R2. A map f : U → R31 is a frontal if there exists a map F : U → R31 × PR3 of
the form F = (f, [ν]) such that F is an isotropic map, namely, 〈df(X), ν〉 = 0 for any
X ∈ TpU and p ∈ U . Such an F is called an isotropic lift of f . Identifying PTR31
with R31×Gr(2, 3), F = (f, [ν]) can be identified with (f, ν⊥), where ν⊥ : U → Gr(2, 3)
be a 2-dimensional subspace-valued map. We call ν⊥(p) the limiting tangent plane at
p ∈ U . A frontal is a front if the isotropic lift F : U → R31 × PR3 is an immersion.
Let f : U → R31 be an immersion, and let (u, v) be a coordinate system on U . We set
[ν] = [fu × fv], where
x× y = det
−e0e1 x y
e2
 e0 =
10
0
, e1 =
01
0
, e2 =
00
1

is the cross product. Then f is a front. This [ν] is called a lightcone Gauss map of f
[4, 29]. Thus, an immersion is a front. On the other hand, a frontal may have singular
points. A singular point of a frontal germ f at p is a cuspidal edge if it is A-equivalent
to (u, v) 7→ (u, v2, v3) at the origin, where two map germs fi : (R2, pi) → (R2, qi)
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(i = 1, 2) are A-equivalent if there exist diffeomorphism germs φ : (R2, p1) → (R2, p2)
and Φ : (R31, q1) → (R31, q2) such that Φ ◦ f ◦ φ−1 = g holds. Cuspidal edges are the
most fundamental singularities appear on fronts. The generic singularities of fronts are
cuspidal edges and swallowtails. A singular point of a frontal germ f at p is a swallowtail
if it is A-equivalent to (u, v) 7→ (u, 4v3+2uv, 4v4+uv2) at the origin. We denote by S(f)
the set of singular points. In this decade, differential geometric properties of frontals
in R3 and Riemannian 3-manifold are investigated by many authors (see [20,27,32] for
example).
On the other hand, points on frontals in R31 can be classified into the following
three cases. A non-zero vector x ∈ R31 is said to be spacelike (respectively, timelike,
lightlike), if 〈x,x〉 is positive (respectively, negative, zero). We denote by LC∗ the set
of lightlike vectors. A plane P = x⊥ ⊂ R31 is said to be spacelike (respectively, timelike,
lightlike), if x is timelike, (respectively, spacelike, lightlike). Let f be a frontal and
(f, [ν]) its isotropic lift. A point p ∈ U is said to be spacelike (respectively, timelike,
lightlike) point , if ν⊥(p) is spacelike (respectively, timelike, lightlike). We denote by U+
(respectively, U−, L(f)) the set of spacelike (respectively, timelike, lightlike) points. If
U+, U− and L(f) are all non-empty, then f is said to be mixed type.
There are many studies on differential geometric property of spacelike regular sur-
faces or spacelike frontals in R31 (see [8, 10, 13–15, 35] for example), and surfaces whose
lightlike point set L(f) is non-empty (see [1, 4–7, 11, 21, 24, 26, 29–31, 34–36] for exam-
ple). However, local behavior of a lightlike point are investigated only on frontals with
special curvature properties.
2.2 Criteria for singularities of fronts in R31
To state criteria for singularities of fronts in R31, we firstly recall criteria for singularities
of fronts in R3 given in [25]. Let f : U → R3 be a frontal and F = (f, [νE]) : U →
PTR3 = R3 × PR3 its isotropic lift, namely, νE satisfies dfp(X) · νE(p) = 0 for any
p ∈ U and X ∈ TpU , where the dot “·” stands for the Euclidean inner product. We set
λE = det(fu, fv, νE). Then S(f) = λ
−1
E (0) holds. A function ΛE is called an identifier
of singularities if it is a non-zero functional multiple of λE. Let ΛE be an identifier of
singularities. Let p ∈ U be a singular point satisfying rank dfp = 1. Then there exists a
non-zero vector field η on a neighborhood of p such that the kernel of dfq is generated
by η(q) for any q ∈ S(f). We call it a null vector field. The following fact holds.
Fact 2.1. ([33, Corollary 2.5]) Let f : U → R3 be a frontal, and let p ∈ U be a singular
point satisfying rank dfp = 1. Under the above notation,
(1) f at p is a cuspidal edge if and only if f is a front at p, and ηΛE(p) 6= 0.
(2) f at p is a swallowtail if and only if f is a front at p, and ηΛE(p) = 0, ηηΛE(p) 6= 0,
d(ΛE)p 6= 0.
A similar criteria hold for frontals in R31 by a slight modification. Let f : U → R31
be a frontal and F = (f, [ν]) its isotropic lift, where [ν] ∈ PR31, namely, ν satisfies
〈dfp(X), ν(p)〉 = 0 for any p ∈ U and X ∈ TpU . Taking a vector field T along f such
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that T is transverse to ν⊥, we set Λ = det(fu, fv,T ). Then we see that Λ is a non-zero
functional multiple of λE. Thus Λ is an identifier of singularities. By using Λ, we can
recognize whether f at p is a cuspidal edge or a swallowtail.
2.3 Discriminant sets of functions
The lightlike approximations are envelopes of lightlike planes along the lightlike locus.
To construct lightlike approximation, we use the theory of unfolding of a function and
discriminant set which can describe the envelopes.
Let a : (R, 0) → (R, 0) be a function. For a manifold X and p ∈ X , a function
A : (R×X, (0, p)) → (R, 0) is called an unfolding of a if A(u, p) = a(u) holds. In this
setting, we regard A as a parameter family of a function a. We assume that a′(0) = 0
(′= ∂/∂u) and define the set ΣA and the discriminant set DA of A as
ΣA = {(u, q) ∈ R×X |A(u, q) = Au(u, q) = 0},
DA = {q ∈ X | there exists u ∈ R such that A(u, q) = Au(u, q) = 0}.
If the map (A,Au) is a submersion at (0, p), then ΣA is a manifold. By definition, the
discriminant set is the envelope of the family {q ∈ X|A(u, q) = 0}u∈R. See [3, Section
7] or [18, Section 5] for the general theory of unfoldings and their discriminant sets.
3 Lightlike surfaces
3.1 Frame along lightlike locus
Let f : U → R31 be a frontal whose lightlike point set L(f) is non-empty, and let
F = (f, [ν]) be its isotropic lift. We take p ∈ L(f), and assume that
L(f) is a regular curve in U which is
parametrized by γ : (−ε, ε)→ U near p = γ(0). (3.1)
Under this assumption, f(L(f)) is called the lightlike locus . We set γˆ = f ◦ γ. We
assume that
if p ∈ S(f), then γ′(0) 6∈ ker dfp, (3.2)
where ′ = d/du. This implies that γˆ is a regular curve in R31. Furthermore, we also
assume that
γˆ ′(u) is not lightlike. (3.3)
By these assumptions, γˆ is a spacelike regular curve in R31. A frontal which satisfies
the assumptions (3.1), (3.2) and (3.3) are said to be an admissible frontal.
A frame along a spacelike regular curve in R31 is obtained in [16]. Here we consider a
frame along L(f) as a curve on the surface f . Then we can take a parameter u such that
|γˆ ′(u)| = 1, where |x| =
√
| 〈x,x〉 |. Setting e(u) = γˆ ′(u), we have a frame {e,L,N}
along γˆ(u) satisfying
〈e, e〉 = 1, 〈e,L〉 = 0, 〈e,N〉 = 0, 〈L,L〉 = 0, 〈L,N〉 = 1, 〈N ,N〉 = 0,
(3.4)
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and the plane spanned by e and L is the limiting tangent plane of f along γˆ. The
limiting tangent plane is also called the osculating plane, and the plane spanned by e
and N is called the transversal lightlike plane of f along γˆ, since it is a unique lightlike
plane which contains e and transverse to f . The following Frenet-Serret type formula
(e,L,N)′ = (e,L,N)
 0 −αL −αNαN −αG 0
αL 0 αG

holds, where
αL(u) = 〈γˆ ′′(u),L(u)〉 , αN(u) = 〈γˆ ′′(u),N(u)〉 , αG(u) = 〈L(u),N ′(u)〉 . (3.5)
These three functions are determined by f and L. We set L(u) = ψ(u)L(u), where ψ
is a never vanishing function. Then setting N = N/ψ, the frame {e,L,N} satisfies
the condition (3.4), and it holds that
αL = ψαL, αN = αN/ψ, αG = αG + ψ(ψ
−1)′ (3.6)
where αL, αN , αG are defined by (3.5) with respect to the frame {e,L,N}.
Let f : U → R31 be an immersion with non-empty lightlike point set L(f). Suppose
that L(f) consists of lightlike points of the first kind (see [12, Definition 2.2] for details).
Then f is a mixed type surface, is admissible in the above sense, and αL, αN , αG can
be regarded as invariants of f as follows: There exists a vector field l on U such that
df(l(q)) = L(q) for any q ∈ L(f) and β = l 〈df(l), df(l)〉 |L(f) does not vanish along L(f).
Let κL, κN , and κG be the lightlike singular curvature, the lightlike normal curvature,
and the lightlike geodesic torsion of f along L(f), respectively∗ ([12, Definition 3.2]).
By [12, Proposition 3.5], it holds that
αL = β
1/3κL, αN = β
−1/3κN , αG = κG + β
1/3(β−1/3)′. (3.7)
One can take l satisfying β = 1, by rechoosing β−1/3 l instead of l. Then αL = κL,
αN = κN , αG = κG hold.
3.2 Osculating and transversal lightlike surfaces
Let f : U → R31 be an admissible frontal. Under the notation in Section 3.1, we consider
the discriminant sets of the following functions
HL(u,x) = 〈x− γˆ(u),L(u)〉 : L(f)× R31 → R,
HN(u,x) = 〈x− γˆ(u),N(u)〉 : L(f)× R31 → R,
G(u,x) = 〈x− γˆ(u),x− γˆ(u)〉 : L(f)× R31 → R, (3.8)
H˜(u, v˜, r) = 〈γˆ(u), v˜〉 − r : L(f)× S1+ × R× → R, (3.9)
where S1+ = {(1, x1, x2) | (x1)2+ (x2)2 = 1} and R× = R \ {0}. Here we regard (X, p) =
(R31, p) for p ∈ R31 and A = HL, HN , G, H˜ under the notation in Section 2.3. Since L
∗These three invariants κL, κN , κG are introduced in [12] to investigate the behavior of the Gaussian
curvature of mixed type surfaces at lightlike points, cf. [12, Theorem B].
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and N are lightlike, the discriminant set DHL is the envelope of families of lightlike
planes which are tangent to the frontal at γˆ(u), and DHN is the envelope of families
of transversal lightlike planes of f at γˆ(u). We calculate the discriminant set of HL
(respectively, HN) under the assumption αL 6= 0 (respectively, αN 6= 0). Let us assume
αL 6= 0 (respectively, αN 6= 0) for any u ∈ I. Since
H ′L = 〈x− γˆ(u),−αLe− αGL〉 and H ′N = 〈x− γˆ(u),−αNe+ αGN〉 ,
the discriminant sets DHL , DHN can be parametrized by
fL(u, v) = γˆ(u) + vL(u) and fN(u, v) = γˆ(u) + vN(u)
respectively, where ′ = ∂/∂u. Since 〈f ′L,L〉 = 〈(fL)v,L〉 = 0 and 〈f ′N ,N〉 = 〈(fN)v,N〉 =
0 hold, L and N are lightcone Gauss map of fL and fN respectively even on the set of
singular points. Since each lightcone Gauss map degenerates to a curve, fL and fN have
both zero Gaussian curvature in the Euclidean sense ([4, Theorem 3.1]). Moreover, the
limiting tangent plane of fL coincides with that of f along L(f), and the limiting tan-
gent plane of fN is the transversal lightlike plane of f along L(f). In this sense, we call
fL(u, v) (respectively, fN (u, v)) the osculating lightlike surface (respectively, transversal
lightlike surface) of f along L(f). Now, let us investigate fL (respectively, fN ), without
assuming αL 6= 0 (respectively, αN 6= 0), since such the assumptions are not necessary
for the definition of fL and fN . After obtaining these surfaces, it does not necessary
the condition αL 6= 0 (respectively, αN 6= 0). We investigate these surfaces without the
condition αL 6= 0 (respectively, αN 6= 0).
By a similar calculation, we see DG = DHL ∪ DHN . On the other hand, since
H˜ ′ = 〈e, v˜〉 holds, H˜ ′ = 0 implies v˜ = aL+ bN . Since v˜ is lightlike, ab = 0. Moreover,
v˜ ∈ S1+, we have v˜ = L˜ or v˜ = N˜ . Thus
DH˜ =
{(
L˜(u),
〈
γˆ(u), L˜(u)
〉) ∣∣∣ u ∈ L(f)} ∪ {(N˜(u),〈γˆ(u), N˜(u)〉) ∣∣∣u ∈ L(f)}.
Let Φ : S1+ × R× → LC∗ be the diffeomorphism Φ(v˜, r) = rv˜. We set
LPL(u) = 〈γˆ(u), L˜(u)〉L˜(u) and LPN(u) = 〈γˆ(u), N˜(u)〉N˜(u).
The curve LPL (respectively, LPN) is called the osculating lightcone pedal (respectively,
transversal lightcone pedal) of f (cf. [16]). The union of the images of osculating light-
cone pedal and transversal lightcone pedal coincides with Φ(DH˜). We also consider
discriminant sets DG and DH˜ in the context of bi-contact of lightcones in Section 3.4.
3.3 Singularities of osculating and transversal lightlike sur-
faces
We set two functions
σL(u) = α
′
L(u) + αL(u)αG(u), and σN(u) = α
′
N(u)− αN (u)αG(u).
We have the following:
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Theorem 3.1. Let f : U → R31 be an admissible frontal. Then fL and fN are front.
A point (u, v) is a singular point of fL (respectively, fN) if and only if 1 − vαL = 0
(respectively, 1 − vαN = 0). A singular point (u, 1/αL) of fL (respectively, (u, 1/αN)
of fN) is
(1) a cuspidal edge if and only if σL 6= 0 (respectively, σN 6= 0) at u.
(2) a swallowtail if and only if σL = 0 and σ
′
L 6= 0 (respectively, σN = 0 and σ′N 6= 0)
at u.
We remark that although αL, αN , αG do depend on the choice of L, the positions
of singular points of fL and fN do not depend on it, and the conditions (1) and (2)
do not depend on it (cf. (3.6)). In fact, if L = ψL, then N = N/ψ, and (3.6) holds.
Moreover, by (3.6), we have
αL
′ + αL αG = ψ(α
′
L + αLαG), αN
′ − αN αG = ψ−1(α′N − αNαG). (3.10)
Proof. We set g(u, v) = fL(u, v) for simplicity. The isotropic lift of fL is (fL, [L]).
Since g′ = (1− vαL)e− vαGL, and gv = L, setting Λ = 1− vαL, Λ can be taken as an
identifier of singularities. A null vector field η is η = ∂u + vαG∂v. Since η[L] 6= 0 if and
only if L and ηL are linearly independent, g at a singular point is a front if and only
if αL 6= 0. If αL(u0) = 0, then (u0, v) is not a singular point. Thus g is a front at any
singular point. We have ηΛ = −vσL and ηηΛ = σ′L. Thus the assertion for g holds.
The assertion for fN can be shown by the same way taking an isotropic lift (fN , [N ]),
an identifier of singularities Λ = 1− vαN and a null vector field η = ∂u − vαG∂v.
If f is an immersion and L(f) consists of lightlike points of the first kind, then
the conditions in Theorem 3.1 can be stated in terms of the curvatures κL, κN , κG as
follows.
Corollary 3.2. Let f : U → R31 be an immersion with non-empty lightlike point set
L(f). Suppose that L(f) consists of lightlike points of the first kind. Then fL and
fN are front. A point (u, v) is a singular point of fL (respectively, fN) if and only if
1− vκL = 0 (respectively, 1− vκN = 0). A singular point (u, 1/κL) of fL (respectively,
(u, 1/κN) of fN) is
(1) a cuspidal edge if and only if σ˜L 6= 0 (respectively, σ˜N 6= 0) at u.
(2) a swallowtail if and only if σ˜L = 0 and σ˜
′
L 6= 0 (respectively, σ˜N = 0 and σ˜′N 6= 0)
at u.
Here,
σ˜L(u) = κ
′
L(u) + κL(u)κG(u), and σ˜N (u) = κ
′
N(u)− κN (u)κG(u).
The functions σL and σN correspond to the invariants k
′ ∓ kτ in [16] which play an
important role in their paper. In [16], they use the Frenet-Serret type frame, this is an
invariant of the curve in R31.
We can state the condition of lightcone pedal curves in terms of αL and αN .
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Theorem 3.3. Under the same setting in Theorem 3.1, the point γ(0) is a singular
point of the osculating lightcone pedal LPL (respectively, the transversal lightcone pedal
LPN ) if and only if αL(0) = 0 (respectively, αN(0) = 0). Moreover, LPL (respectively,
LPN ) has a cusp at γ(0) if and only if αL(0) = 0, α
′
L(0) 6= 0 (respectively, αN(0) = 0,
α′N (0) 6= 0).
Like as we remarked just after Theorem 3.1, the conditions in this theorem do not
depend on the choice of L.
Proof. We see the function h˜(u) = H˜(u, v˜0, r0), where r0 = 〈γˆ(0), L˜(0)〉, v˜0 = L˜(0)
satisfies
h˜′(0) = 〈e, v˜0〉 = 0,
h˜′′(0) = 〈αNL+ αLN , v˜0〉 = αL(0)/L0(0) (L = (L0, L1, L2)),
h˜′′′(0) = 〈−2αLαNe− σNL + σLN , v˜0〉 = σL(0)/L0(0).
Taking a parametrization θ of S1+ by v˜ = (1, cos θ, sin θ), then H˜
′
θ(u, v˜, r) is the first
component of e× v˜. Then we see h˜′′(0) = 0 if and only if αL(0) = 0. If h˜′′(0) = 0, then
h˜′′′(u) = 0 if and only if α′L(0) = 0. Furthermore, if h˜
′′(0) = 0 and h˜′′′(u) 6= 0, then
H˜(u, v˜, r) is a versal unfolding of h˜. In fact, we assume the first component of e× v˜ is
zero, then e× v˜ is lightlike, e20 + e21+ e22− 2e0(e1 cos θ+ e2 sin θ) = 0 for e = (e0, e1, e2).
On the other hand, since 〈e, L˜〉 = 0, we have −e0 + e1 cos θ+ e2 sin θ = 0. This implies
that −e20 + e21 + e22 = 0, a contradiction. By the well-known fact of the versal unfolding
of a function and its discriminant set (see [3] for example), if αL 6= 0 (respectively,
αL = 0, α
′
L 6= 0) at 0 then DH˜ is locally diffeomorphic to a regular curve (respectively,
a 3/2-cusp) at
(
N˜(0), 〈γˆ(0), N˜(0)〉). By the diffeomorphism Φ : S1+ × R× → LC∗, the
discriminant set DH˜ is sent to the union of the images of LPL(u) and LPN(u). Since
the diffeomorphicity of the images implies the A-equivalence and L˜ and N˜ are linearly
independent, we have the assertion.
Like as Corollary 3.2, if f is an immersion and L(f) consists of lightlike points of
the first kind, then the conditions in Theorem 3.3 can be stated in terms of κL, κN , κG
as follows.
Corollary 3.4. Under the same setting in Corollary 3.2, the point γ(0) is a singular
point of the osculating lightcone pedal LPL (respectively, the transversal lightcone pedal
LPN ) if and only if κL(0) = 0 (respectively, κN(0) = 0). Moreover, LPL (respectively,
LPN ) has a cusp at γ(0) if and only if κL(0) = 0, κ
′
L(0) 6= 0 (respectively, κN (0) = 0,
κ′N (0) 6= 0).
3.4 Contact of L(f) with intersection curves
In this section, we study a lightlike locus by considering contact of intersection curves
of two model surfaces defined by the lightlike locus with the frame defined in Section
3.1. Let f : U → R31 be an admissible frontal. Regarding the discriminants of G, H˜ in
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(3.8), (3.9), under the notation in Section 3.1, we consider the following functions
GL(x) = 〈x− xL,x− xL〉 , GN(x) = 〈x− xN ,x− xN〉 ,
H˜L(x) =
〈
x− γˆ(0), L˜(0)
〉
, H˜N(x) =
〈
x− γˆ(0), N˜(0)
〉
from R31 into R, where xL = γˆ(0) +
L(0)
αL(0)
, xN = γˆ(0) +
N(0)
αN(0)
and v˜ = v/v0 for
v = (v0, v1, v2). We also remark here that xL and xN do not depend on the choice
of L (cf. (3.6)). Then G−1L (0) (respectively, G
−1
N (0)) is the lightcone with the vertex
xL (respectively, xN), and H˜
−1
L (0) (respectively, H˜
−1
N (0)) is the lightlike plane with the
lightlike normal vector L˜(0) (respectively, N˜(0)) passing through γˆ(0). We call G−1L (0),
(respectively, G−1N (0), H˜
−1
L (0), H˜
−1
N (0)) the osculating contact lightcone (respectively,
transversal contact lightcone, osculating contact lightlike plane transversal contact light-
like plane) at p. We consider the intersections of two of them. The intersection of the
osculating contact lightcone and the transversal contact lightcone, is a spacelike el-
lipse tangent to L(f) at p, which is called an osculating ellipse. The intersection of
the osculating contact lightlike plane and the transversal contact lightlike plane, is a
spacelike line tangent to L(f) at p, which is the tangent line. The intersection of the
osculating contact lightcone and the transversal contact lightlike plane, (respectively,
the osculating contact lightlike plane and the transversal contact lightcone) is a space-
like parabola tangent to L(f) at p, which is called an N-osculating (respectively, an
L-osculating) parabola. Since these curves are intersections of fundamental objects in
the Lorentz-Minkowski 3-space, they can be regarded as model curves of a lightlike
locus of a surface. In fact, we can interpret that the spacelike ellipse represents how
L(f) looks round and the line represents how L(f) looks flat. Moreover, the spacelike
parabola represents how L(f) looks semi-flat with respect to L or N .
We set
gL(u) = GL(γˆ(u)), gN(u) = GN(γˆ(u)), h˜L(u) = H˜L(γˆ(u)), h˜N(u) = H˜N(γˆ(u)).
Definition 3.5. Let F : (R31, γˆ(0)) → (R, 0) be a function. Then F−1(0) and γˆ have
a k-point contact at u = 0 if f = F ◦ γˆ satisfies f ′ = · · · = f (k+1) = 0, f (k+2) 6= 0 at
u0. Let Fj : (R
3
1, γˆ(0)) → (R, 0) (j = 1, 2) be two functions. Then F−11 (0) ∩ F−12 (0)
and γˆ have a (k1, k2)-point contact if F
−1
i (0) and γˆ have a ki-point contact at u = 0
for i = 1, 2.
Applying this to f = gL, gN , h˜L, h˜N , we see that the contact with the lightcone
with the vertex xL (respectively, xN) can be measured by σL (respectively, σN), and
the contact with the lightlike plane with the lightlike normal vector L˜(0) (respectively,
N˜(0)), passing through γˆ(0) can be measured by the invariant αL (respectively, αN).
More precisely, the following theorem holds.
Theorem 3.6. (1) The function gL satisfies gL = g
′
L = · · · = g(k)L = 0 at 0 if and only
if σL = σ
′
L = · · · = σ(k−3)L = 0 at 0 for any k ≥ 3. Similarly, the function gN satisfies
gN = g
′
N = · · · = g(k)N = 0 at 0 if and only if σN = σ′N = · · · = σ(k−3)N = 0 at 0 for any
k ≥ 3.
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(2) The function h˜L satisfies h˜L = h˜
′
L = · · · = h˜(k)L = 0 at 0 if and only if αL =
α′L = · · · = α(k−2)L = 0 at 0 for any k ≥ 2. Similarly the function h˜N satisfies
h˜N = h˜
′
N = · · · = h˜(k)N = 0 at 0 if and only if αN = α′N = · · · = α(k−2)N = 0 at 0 for any
k ≥ 2.
As we mentioned in (3.10), the condition σL = σ
′
L = · · · = σ(k−3)L = 0 (respectively,
σN = σ
′
N = · · · = σ(k−3)N = 0) at 0 for any k ≥ 3 does not depend on the choice of
L. Proof of this theorem is not difficult, but complicated a little, we give a proof of
this theorem in Appendix A. In [16], a similar consideration by using the Frenet frame
along a curve in R31 is given. See [16, Propositions 2.1 and 2.2].
By Theorem 3.6 together with Theorems 3.1 and 3.3, we can conclude the contact
of model curves can be measured by the singularities of lightlike surfaces and lightcone
pedals. For the sake of simplified description, we set the following terminology. A
frontal f : (R2, p) → R3 has an A2-point (respectively, A3-point) at p if f at p is
cuspidal edge (respectively, swallowtail). A frontal c : (R, p) → R2 has an A1-point
(respectively, A2-point) at p if c at p is regular (respectively, a cusp).
Corollary 3.7. Let f : U → R31 be an admissible frontal. Then the following hold for
k1, k2 = 2, 3.
• The curve γˆ and the osculating ellipse have (k1, k2)-point contact if and only if
the osculating lightlike surface have an Ak1+1-point, and the transversal lightlike
surface have an Ak2+1-point,
• the curve γˆ and the N-osculating parabola have (k1, k2 + 1)-point contact if and
only if the osculating lightlike surface have an Ak1+1-point, and the transversal
lightcone pedal have an Ak2+2-point,
• the curve γˆ and the L-osculating parabola have (k1 + 1, k2)-point contact if and
only if the osculating lightcone pedal have Ak1+2-point, and the transversal lightlike
surface have Ak2+1-point,
• the curve γˆ and the tangent line have (k1 + 1, k2 + 1)-point contact if and only
if osculating lightcone pedal have an Ak1+2-point, and transversal lightcone pedal
have an Ak2+2-point.
4 Special lightlike loci
We consider a frontal f , where fL or fN has special properties. Since fL|S(fL) =
γˆ(u) + L(u)/αL (respectively, fN |S(fN ) = γˆ(u) +N(u)/αN), the singular value of fL
(respectively, fN), is one point set if and only if σL ≡ 0 (respectively, σN ≡ 0). As
we mentioned above, these conditions do not depend on the choice of L. We set two
constant points VL = γˆ(u) +L(u)/αL if σL ≡ 0, and VN = γˆ(u) +N(u)/αN if σN ≡ 0,
these points do not depend on the choice of L (cf. (3.6)). In this section, we consider
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geometric meanings of σL and σN . Since the function
dL(u) = |γˆ(u)− VC | =
∣∣∣∣γˆ(u)− γˆ(u)− L(u)αL
∣∣∣∣(
respectively, dN(u) = |γˆ(u)− VN | =
∣∣∣∣γˆ(u)− γˆ(u)− N(u)αN
∣∣∣∣)
vanishes identically, if σL ≡ 0 (respectively, σN ≡ 0), the curve γˆ lies on the lightcone
LCL whose vertex is VL (respectively, the lightcone LCN whose vertex is VN). If σL ≡ 0
and σN ≡ 0 holds simultaneously, then γˆ is an ellipse of an intersection LCL ∩ LCN .
Thus the pair (σL, σN ) measures how L(f) is close to a ellipse which is obtained as an
intersection of two lightcones. This ellipse is a (Euclidean) circle if and only if〈10
0
, L(u)
αL(u)
+
N(u)
αN(u)
〉
= 0.
Example 4.1. Let lc(x, y) = (x, y,
√
x2 + y2) be a lightcone, and let
νl(x, u) =
1√
2
(
− x√
x2 + y2
,− y√
x2 + y2
, 1
)
be a Euclidean unit normal of lc(x, y). Let γ(u) be a curve in the xy-plane, γˆ(u) =
lc(γ(u)), and let νγ(u) = νl(γ(u)) × γˆ ′(u)/|νl(γ(u)) × γˆ ′(u) · νl(γ(u)) × γˆ ′(u)| be a
Euclidean left-word unit normal vector of γˆ as a curve on lc. We set
fγ(u, v) = γˆ(u) + r
(
νl(γ(u)) + cos vνl(γ(u)) + sin vνγ(u)
)
for r > 0. Then by the construction, L(fγ) is the image of γˆ, and the image of (fγ)L is
the image of lc. We set r = 1/10.
(1) Let us set γ1(u) = (cosu, 2 sinu)/3. Then the singular value of (fγ1)L is a point,
and (fγ1)L is a lightcone. The images of fγ1 and (fγ1)L are drawn in Figure 1,
left.
(2) Let us set γ2(u) = (2 sin u + 1,
√
3 cosu)/2. Then both of the singular values of
(fγ2)L and (fγ2)N are points, and (fγ2)L and (fγ2)N are lightcones. The axes of
these lightcones do not coincide. The images of fγ2 , (fγ2)L and (fγ2)N are drawn
in Figure 1, center (i.e. γ2 is the osculating ellipse).
(3) Let us set γ3(u) = (cosu, sin u). Then both of the singular values of (fγ3)L and
(fγ3)N are points, and (fγ3)L and (fγ3)N are lightcones. Furthermore, the axes
of these lightcones coincide. The images of fγ3 , (fγ3)L and (fγ3)N are drawn in
Figure 1, right (i.e. γ3 is the osculating ellipse (circle in the Euclidean sense)).
Example 4.2. We give an example σL and αN are constantly zero and L(f) pass
the cuspidal edge but it is not along cuspidal edge. Let lc(x, y) is as in Example
4.1 and lp(x, y) = (x, y,−(x − 1) − (y − 1)) be a lightlike plane. We set γˆ(u) =
11
Figure 1: Surfaces of Example 4.1.
2(1, cosu, sinu)/(1+cosu+sin u). Then γˆ(u) is a parametrization of the intersection of
the images of lc and lp. Let us set c(u, v) = (c1(u, v), c2(u, v)) = (v(2u+v), v
2(3u+2v)),
and
f(u, v) = γˆ(u) + c1(u, v)
11
0
 + c2(u, v)
−11
0
.
Then fv(u, u) = 0 and f at (u, u) is a cuspidal edge. On the other hand, fv(u, 0) =
2u(1, 1, 0) holds, thus f is lightlike at f(u, 0) = γˆ(u). We set L = (1, 1, 0) and N =
(−1, 1, 0). Then σL = 0 and αN = 0 hold. In fact, by the above construction, γˆ is
contained in the osculating contact lightcone and the transversal contact lightlike plane
(i.e. γˆ is the N -osculating parabola).
A Proof of Theorem 3.6
One can easily see that g′L(0) = g
′′
L(0) = 0. We set a function βL(u) = 〈L(u), γˆ(u)− xL〉.
Since
g
(3)
L = 〈−2αNαLe+ σNL+ σLN , γˆ − xL〉
= −2αNαL 〈e, γˆ − xL〉+ σN 〈L, γˆ − xL〉+ σL 〈N , γˆ − xL〉
= −2αNαLg′L + σNβL + σL 〈N , γˆ − xL〉 , (A.1)
and βL(0) = 0, we see g
(3)
L (0) = 0 if and only if σL(0) = 0. We have the following
lemma.
Lemma A.1. If g
(l)
L (0) = 0, then β
(l)
L (0) = 0 (l = 1, . . . , k).
Proof. Since βL(0) = 0, the case k = 1 follows from
β ′L = 〈−σLe− αGL, γˆ − xL〉
= −αL 〈e, γˆ − xL〉 − αG 〈L, γˆ − xL〉 = −αLg′L − αGβL.
(A.2)
We assume that the assertion is true for k = 1, . . . , K, and we assume g
(l)
L (0) = 0
k = 1, . . . , K + 1. Then by the assumption, β
(l)
L (0) = 0 k = 1, . . . , K holds. Then
βK+1L (0) = 0 follows from K times differentiation of (A.2).
12
Proof of Theorem 3.6 (1). We have shown the case k = 3. We assume that the assertion
is true for k = 1, . . . , K. We assume that g
(l)
L (0) = 0 (k = 3, . . . , K), then by the
assumption of induction, σ
(l−3)
L (0) = 0 (l = 3, . . . , K) holds. By Lemma A.1, we have
β
(l)
L (0) = 0 (k = 3, . . . , K). Then by K − 2 times differentiation of (A.1), we see
g
(K+1)
L (0) = σ
(K−2)
L (0) 〈N(0), γˆ(0)− xL〉 .
Thus the assertion is true for k = K + 1. The assertion for gN and σN can be shown
by just interchanging the subscripts N and L.
One can easily see that h˜L(0) = h˜
′
L(0) = 0. We set a function δL(u) =
〈
L(u), L˜(0)
〉
.
Since
h˜′′L =
〈
αNL+ αLN , L˜(0)
〉
=αN
〈
L, L˜(0)
〉
+ αL
〈
N , L˜(0)
〉
=αNδL + αL
〈
N , L˜(0)
〉
, (A.3)
and δL(0) = 0, we see h˜
′′
L(0) = 0 if and only if αL(0) = 0. We have the following lemma.
Lemma A.2. If α
(l)
L (0) = 0, then δ
(l+1)
L (0) = 0 (l = 0, . . . , k).
Proof. Since δL(0) = 0, the case k = 0 follows from
δ′L =
〈
−αLe− αGL, L˜(0)
〉
= −αL
〈
e, L˜(0)
〉
− αG
〈
L, L˜(0)
〉
= −αL
〈
e, L˜(0)
〉
− αGδL.
(A.4)
We assume that the assertion is true for k = 0, . . . , K, and we assume α
(l)
L (0) = 0
k = 0, . . . , K + 1. Then by the assumption, δ
(l+1)
L (0) = 0 k = 1, . . . , K holds. Thus
δK+2L (0) = 0 follows from K + 1 times differentiation of (A.4).
Proof of Theorem 3.6 (2). We have shown the case k = 2. We assume that the assertion
is true for k = 2, . . . , K. We assume that h˜
(l)
L (0) = 0 (k = 2, . . . , K), then by the
assumption of induction, α
(l−2)
L (0) = 0 (l = 2, . . . , K) holds. By Lemma A.2, we have
δ
(l−1)
L (0) = 0 (k = 2, . . . , K). Then by K − 1 times differentiation of (A.3), we see
h˜
(K+1)
L (0) = α
(K−1)
L (0)
〈
N(0), L˜(0)
〉
.
Thus the assertion is true for k = K + 1. The assertion for h˜N and σN can be shown
by just interchanging the subscripts N and L.
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